Theoretical load-deflection relationships for welded box columns with initial deformation by Pielert, James H.
Lehigh University
Lehigh Preserve
Theses and Dissertations
1965
Theoretical load-deflection relationships for welded
box columns with initial deformation
James H. Pielert
Lehigh University
Follow this and additional works at: https://preserve.lehigh.edu/etd
Part of the Civil Engineering Commons
This Thesis is brought to you for free and open access by Lehigh Preserve. It has been accepted for inclusion in Theses and Dissertations by an
authorized administrator of Lehigh Preserve. For more information, please contact preserve@lehigh.edu.
Recommended Citation
Pielert, James H., "Theoretical load-deflection relationships for welded box columns with initial deformation" (1965). Theses and
Dissertations. 3354.
https://preserve.lehigh.edu/etd/3354
( 
THEORETICAL LOAD-DEFLECTION RELATIONSHIPS 
FOR WELDED BOX COLUMNS WITH INITIAL 
DEFORMATION 
by 
James H. Pielert 
A Thesis 
Presented to the Graduate Faculty 
of Lehigh University 
in Candidacy for the Degree of 
Master of Science 
Lehigh University 
I 1965 
' 
1,·'· 
;•;, 
"/· 
, .. ) 
,' ---
ii 
-;,. 
CERTIFICATE OF APPROVAL 
This thesis is accepted and approved in partial fulfillment 
of the requirements for the degree of Master of Science in Civil 
Engineering. 
.!'.: 
(Date) 
:, 
·/_, 
.. 
Lambert Tall 
in Charge 
~ J . 
Professor William J. ey, Head 
Department of Civil En ineering 
,: 
, _ 
·; 
.' .. 
( ) 
4.. f 
1. 
ABSTRACT 
INTRODUCTION 
DILi OF CONDHTS 
1.1 Scope of Study. 
1.2 Factors Influencing Column Strength. 
1.3 Outline of Theo~etical Procedure. 
II. MOMENT - AXIAL THRUST - CURVATURE RELATIONSHIPS 
2.1 Review of Previous Work. 
2.2 General Theory and Assumptions. 
2.3 Explanation of Numerical Procedure. 
2.4 Discussion of Moment - Axial Thrust -
Curvature Relationships. 
III. LOAD-DEFLECTION CURVES 
3 .1 Review of Previous s.~udies on the Analysis 
of Columns with Initial Out-of-Straightness. 
3.2 Historical Review of the Column De·flection 
Curve Procedure. 
3.3 General Theory and Assumptions of the Column 
Deflection Curve Procedure. 
3.4 Development of Column Deflection Curves Using 
N1m,erical Integration Procedure. 
3.4.l Development of Required Relationships. 
3.4.2 Outline of Numerical Procedure. 
3.4.3 Computer Program. 
Page 
1 
1 
1 
3 
4 
4 
4 
6 
9 
11 
11 
12 
13 
15 
15 
20 
22 
3.5 Comparison of Experimental and Theoretical B.eaults. 24 
l 3.5.l Previous Experimental Study. 
3.5.2 Comparison of Results. 
24 
25 
iii 
~. 
I. 
I' 
( ) 
( 
,)~ '·" '. 
f §it'.)t:~. 
IV. SUMMARY AND CONCLUSIONS 
V. ACKNOWLEDGEMENTS 
'?ABLE OF CONTENTS 
(Continued) 
VI. NOMENCLATURE AND DEFINITIONS 
Vil. APPENDIX 
VIII. TABLES AND FIGURES 
IX. REFERENCES 
X. VITA 
Page 
29 
31 
32 
34 
40 
65 
69 
,. 
iv 
,' ·, "; 
'<' 
!~ 
~, 
ABSTRACT 
This thesis presents a theoretical procedure for the determination 
of load-deflection relationships for initi~lly deformed welded box shaped 
columns. The presence of residual stresses, which have been shown to 
significantly effect col•mm strength, is considered. 
The procedure which is used includes two basic phases: 
(1) development of Moment - Axial Thrust - Curvature relationships, and 
(2) application of Column Deflection Curve procedure. A computer solution 
is presented for each phase. 
In order to determine the accuracy of the theoretical procedure, 
comparisons· are made with previous experimental work which considered 
the same type of column section. It is shown that the theoretical 
procedure gives an accurate prediction of column behavior under 
increasing load considering the assumptions which were made. 
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I. I N T R O D U C T I O N 
1.1 Scope of Study. 
A theoretical procedure for the determination of load-deflection 
relationships of initially deflected welded box shape columns is 
presented. Their primary use is to determine the ultimate load the 
particular column can carry, and the deflection corresponding to this 
load. A numerical type solution is employed with the aid of a computer. 
The type of section studied is shown in Fig. 1. The increased use of 
welded structural members has prompted numerous studies-\into the effect 
of welding on column strength. It has been shown that both welding 
residual stresses and initial out-of-straightness are of significant 
importance in the reduction of load carry capacity. This investigation 
considers the effect of each of these factors in establishing a method 
for studying welded box column behavior under increasing load. Also, 
comparisons between experimental results and theoretical predictions 
are presented to determine the accuracy of the procedure. 
1.2 Factors Influencing Column Strength. 
While the factors affecting column strength are numerous, this 
study will be mainly concerned with the following: 
I! :.:-:-! 
f 
t:. 
(1) Presence of Residual Stresses - A series of studies, 
both theoretical and experimental, has shown the 
significant effect of residual stresses on the load 
(1,2,3,4,5) 
carrying capacity of welded columns. 
-1-
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The nature of the residual stresses caused by welding are 
somewhat different from those found in rolled shapes, as shown 
in Fig. 2. Residual stresses are introduced during the welding 
operation as a result of the localized heat and the resultant 
plastic deformation. In these shapes, tensile stresses are 
present in the vicinity of the weld changing to compressive 
stresses a short distance away. The rolled shape contains 
compressive stresses at the flange tips and tensile stresses 
in the center portion of the flange and throughout the web. 
These occur as a result of plastic deformations during the 
process of cooling from the rolling temperature to air 
temperature. Generally, for both hot rolled and welded 
members, the part to cool last is usually in a state of 
tensile residual stress. 
The maximum value of the welding residual stresses is 
often as great as the yield strength of the steel while 
those in rolled shapes were found to average approximately 
the yield strength.(2) This has an important bearing on 
load carrying capacity as will be discussed later. 
(2) Initial Out-of-Straightness - Studies have shown initial 
out-of-straightness to be severly detrimental to the colurnn 
strength of welded shapes.<2,4,5, 6 , 7 ,8) This is true even 
if the deviation in straightness is within the allowable 
:t, 
f 
tolerances given by the specifications (1964 AWS Specification). 
-2-
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Initial out-of-straightness can include three different 
situations: (a) unsyimnetrical residual stress distributions, 
(b) accidental eccentricity of load, and (c) crookedness of 
the column centerline. This investigation will consider only 
the effect of crookedness in the column and will assume a 
uniform symmetrical residual stress pattern throughout the 
length of the member which is .. loaded concentrically. 
1.3 Outline of Numerical Procedure. 
The development of theoretical load-deflection relationships is 
divided into two main phases: 
(1) Moment - Axial Thrust - Curvature Relationships. 
(2) Application of "Column Deflection Curve" procedure. 
Each of these will be discussed in detail in the following 
sections. 
~ 
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II. MOMENT - AXIAL THRUST - CURVATUU RELATIONSHIPS 
2.1 Review of Previous Work. 
Probably the first published work on developing Moment - Axial Thrust -
Curvature, or M-P-0, relationships was by S. Timoshenko who investigated 
rectangular sections.<9) He applied basic bending theory to the section 
free of residual stresses. 
A paper by Ketter, Kaminsky and Beedle presents the results of an 
investigation of wide~fl~nge shapes including the effect of residual 
stresses caused by both cooling and cold-bending.(3) A two step semi-
graphical procedure was used with a set of auxiliary curves first 
constructed by assuming different yield penetration conditions in the 
cross section. From these, M-P-0 relationships were obtained for any 
, 
value of axial load. Further work with wide 0 flange shapes·produced 
equations which were derived analytically expressing the desired M-P-9 
relationships for the cross section.(lO,ll) Since the solution of these 
equations is quite complicated and cumbersome, digital computers were 
utilized which made it possible to consider any rolled wide-flange 
shape under the influence of varying magnitudes of residual stressea.<12) 
The semi-graphical method described above was used also to study 
rolled tubular box shapes which are practically free of residual 
stresses.(lJ) 
2.2 General Theory and Assumptions. 
In this investigation it is necessary to know the relationships 
-4-
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existing between the bending moment (M) and the axial thrust (P) acting on 
the cross section and the resulting curvature (f). These M-P-0 relationships 
usually are presented as a family of non-dimensionalized curves, with 
M/My as the ordinate and 0/r/Jy as the abscissa; each curve is for a constant 
value of P/Py. The important variables for their determination are: the 
residual stress distribution, the stress-strain curve of the material, and 
the cross sectional dimensions. Because of the non-dimensionalized 
presentation of the M-P-~ curves, they are independent of the yield stress 
of the material. 
The assumptions made for the development of the M-P-0 relationships 
are as follows: 
(1) 
(2) 
Ideally elastic-plastic stress-strain curve with no 
consideration of strain hardening (Fig. 3). 
Strain reversal of material which is stressed beyond the· .. 
proportional limit is neglected so that for each strain 
there corresponds but one stress as determined from the 
stress-strain curve. 
(3) The axial thrust (P) is applied first to the member 
containing residual stresses and then the bending 
moment (M). 
(4) Plane sections remain plane after deformation. 
(5) The cross section retains its shape under load. 
(6) No deflection exists out of the plane of flexure. 
(7) A symmetrical residual stress distribution is assumed 
constant throughout the length of the member. 
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(8) 
(9) 
The material is homogeneous. 
The column has a constant cross sectional configuration 
over the entire length. 
The M-P-0 relationships can be determined by assuming a strain 
distribution and, hence, a stress distribution on the cross section 
(Fig. 4) and applying the following equations of equilibrium and 
geometry: 
-6-
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/'1-j rr_ydR •••••••••••••••••••••••••••••• (2.2) 
¢= 
where: 
dA -
= 
y -
€1 = 
€2 = 
b = 
€, -
€,e 
b 
•••••••••••••••••••••••••••••• (2.3) 
'<;· 
Incremental area 
Average stress on incremental area 
Distance of incremental area from neutral axis 
Strain on outside fiber of cross section 
Strain on inside fiber of cross section 
Width of box-section 
,k 
'. 
These relationships are discussed in References 3 and 12. 
2.3 Explanation of Numerical Procedure. 
A computer-oriented solution was employed to develop the M-P-0 
relationships for the welded box shape. 
-
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In a theoretical study such as this in order to facilitate the 
calculations, it is necessary to assume an idealized residual stress 
pattern which is reasonably close to actual measured values. The pattern 
used is shown in Fig. 5. Figure 6 compares the measured residual stresses 
in the 6" x 6" x 1/4" and the 10" x 10" x 1/2" sections to the assumed 
pattern. These patterns were determined in previous studies(4~5) and are 
typical of box shapes with plates prepared by either flame cutting or 
machining. There is a better correlation between the two patterns for the 
10" shape than for the 6" shape whi,ch may help explain the theoretical 
results presented later. 
An iteration type solution was used with the section subjected to 
the residual, axial, and bending strains shown in Fig. 7. The cross 
section was divided into slices, as shown in Fig. 8, and each was 
considered individually under the influence of the given strains. The 
two variables which define the magnitudes of strain are the curvature 
of the section due to bending strains (f) and the axial strain factor 
-7-
-- ··-·-·-· -~ --- . 
. ---·-- --- . --
- --· --------'~ ________ , _____ -·-------(K). Residual strains are present before the application of load and 
remain constant throughout the loading history. 
A general procedure for finding the M-P-- relationships follows: 
1. Assume values of 0 and P. 
2. Assume a trial value of K. 
3. Add algebraically the coordinates of the residual, axial 
and bending strain acting on the slice under consideration. 
Use the strain at the center line of the slice for all three 
strain conditions. 
( 
\ 
4. Using this strain, enter the stress-strain curve to determine 
the average stress across the slice. 
5. Determine the contributing axial thrust as the product of the 
average stress and the area of the slice. 
6. Determine the contributing bending moment as the product of 
the incremental axial thrust and the distance from the 
centroid of the cross section to the center line of the slice • 
• q 
7. Repeat steps 3 through 6 for each slice to determine the total 
axial thrust (P) and bending moment (M) on the cross section. 
8. Adjust Kand repeat steps 3 through 7 if the calculated value 
P differs from the assumed value. An accuracy of ±0.5 per cent 
was assumed acceptable. 
9. After the value of K is found which gives the correct axial 
thrust (P) and a corresponding bending moment (M), non-
dimensionalize the parameters by dividing by the following*: 
-8-
Py = A rTj 
l1y= Zf I 
•••••••••••••••••••••••••••••• (2.4) 
•••••••••••••••• ;--...,.~;,-~ •••••• (2 .5) 
••••• , •••••••••••••••••••••••• (2.6) 
10. The above steps were repeated for various values of - until 
the complete M-P-0 curve was drawn for the constant value of 
P (Fig. 9). ., . ·~ 
*subscript y defines the parameters at yield. 
. 
,.,.,, ,.," ·,·,,;1:-~·,;:;.-:··",:;-'.·,1.,, ... ,.,.;,·,---"·.~,.,,_:,,,,c,,--.-·_,•,.·..;,,;.n1-:,~,.-., .. "~"····~·- ,,,,,.. •.. ., • ., •. ~ .. -_ .• ,.,.,_._,".,--... ~.--.... ~---·--.............. ,_,..,.~,,~ .... .,,~,,.. . ..,.,.:,,,...,,•,z,..,.-~i-"l'-,1-oCi'o,a,,;~i,i.,::..,.;i~-"~Jl,\f~ · ',-.I"-' v.; ' , 
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The above procedure has been programmed on the GE 225 computer and 
used to develop the M-P-0 curves presented in the next section. A typical 
computer output is shown in Fig. 10. The pertinent equations and the flow 
diagram for the program appear in Appendix A. 
2.4 Discussion of Moment - Axial Thrust - Curvature Relationships. 
The M-P-0 curves which have been developed for the 611 x 611 x 1/411 
shape considering the ideali~ed residual stresses are shown in Fig. 9. 
Curves are presented for values of P/Py varying from 0.2 to 0.9 in 
increments of 0.1. The 10" x 1011 x 1/2" shape was investigated to 
determine if the above relationships are applicable to other square 
box shapes and was found to give almost identical results. Therefore, 
it can be concluded that the relationships in Fig. 9 can be~applied to 
any square box shape which is fabricated from plates of equal thickness, 
contains the same assumed residual stress pattern, and satisfies all other 
assumptions made in their derivation. This corresponds to the case of 
wide-flange shapes where it has been shown that the interaction curves 
developed for the 8WF31 shape can be used for other shapes also.< 14) 
The welded box shape was also investigated without the presence 
of residual stresses to determine their effect on moment capacity. 
It has been shown< 3) that for wide-flange shapes, the presence of 
residual stresses causes a slight reduction of moment capacity for 
higher values of curvature (Fig. 11). However, the situation was 
found to be exactly the reverse for the box shape as shown in Fig. 12 
.r 
.. 
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for P/Py•0.2. The curve without residual stresses lies above the curve 
including them for lower values of 0/0yo However, at a value of 
approximately 1.625 the curves cX"oss each other and the presence of these 
stresses becom~s benefical to momant capacity. This becomes evident when 
examining a moment ratio above the point of crossing where the slope 
approaches zero. For the given value of moment, the curvature (and hence 
the lateral deflection) of the column are smaller when residual stresses 
are present. This indicates that the presence of residual stresses 
improves column strength for the box shape. 
The explanation of the nature of the curves can be made by referring 
to the stress distribution on a 611 x 6" x 1/4" cross section at various 
instances. The two values of curvature which are examined are shown as 
(1) and (2) in Fig. 12. The distribution at the first point (-/0y=l.5) 
before the curves cross is shown in Fig. 13. Here, it can be seen that 
the presence of large tensile residual stresses in the web and compressive 
residual st~esses in the bottom plate tend to reduce the volume of the 
resultant stress diagram, and, hence, moment capacity. Considering the 
second point (0/fb,=1.75), after the curves cross, the curvature is large 
enough to considerably reduce the effect of the residual stresses in both 
the web aad bottom flange as shown in Fig. 14. For higher curvature 
values, their importance becomes less pronounced and the two curves 
converge into one. 
Therefore, it can be concluded that the location and magnitude 
of residual stresses in welded box shapes improve column strength in 
the platea• region of the M-P-- curves. 
r·-, 
/ 
Ill. LOAD-DEFLECTIOII CUIVIS 
3.1 Review of Previous Studies on the Analysis of 
Columns with Initial Out-of-Straightness. 
A very inclusive review of the studies on columns with initial 
out-of-straightness, as defined in Sect. 1.2, has been provided by Bleich 
through the year 19520(6) Tall bas also presented a SUD1Dary which includes 
much of the more recent work.(S) 
In 1898 Ostenfeld made an attempt to derive design formulas by 
assuming the critical column load is that which first produces external 
fiber stresses equal to the yield stresseso(l5) Von Karman was the first 
to consider the determination of the buckling load of eccentrically loaded 
columns as a stability problem.< 16) Westergaard and Osgood applied 
von Karman ':.s method to the analysis of eccentrically loaded columns and 
initially curved columns but made the simplifying assumption that the 
deflected centerline of the member ~as part of a cosine curve.(lJ) Chwalla 
made an elaborate study of columns to determine the effect of cross section 
configuration, slenderness ratio, and magnitude of eccentricity which will 
(18, 19) 
be discussed further in the section on "Column Deflection Curves". 
Jezek p~esented an analytical solution of column behavior based on a 
simplified stress-strain curve consisting of two st~aight line~ and found 
that the results agree well with those obtained in~ing the ei!sct cu1rveo (20) 
.; I 
The secant formula method was proposed by Yo~~g where he aleo defined the 
ult1mate load as that which causes the first fiber to yield.(21) 
. I 
·f. 
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It was shown by Wilder, Brooks and Mathauser that initial out-of-
atraightness is severely detrimental to the strength of H-columns.< 7) 
Nitta studied the load carrying capacity of axially loaded round columna 
. 
including the effects of both symmetric and antisymmetric residual stress 
patterns along with initial deflectiono<22 ) Several experimental studies 
of round columns at Lehigh showed the effect of initial out-ofastreight• 
nesa.<23 ,24> Huber and Ketter studied the influence of reiidual stresses 
on the load carrying capacity of axially and eccentrically loaded 
B-Columns.<8) Using a procedure very similar to the classical method 
of von Karman, Fujita considered the load deflection characteristics 
of a column with unsymmetrical residual stresses which, in effect, 
produced an eccentrically loaded column.(25) 
3.2 Historical Review of the Column Deflection Curve Procedure. 
A rather complete historical review of the Column Deflection Curve 
procedure has been given by Lay. <26> For sake of completeness, a summary 
of the more important developments will be included here. 
The work on this subject was actually begun by von Karman, 
who in 1910 used numerical double integration techniques to handle non-
linear moment-curvature relationso(l6) He applied this procedure to 
columns with small eccentricities of load. In 1934 von Karman's work was 
generalized by Chwalla and he developed what is now known as column 
deflection curves, or CDC's.(27) While originally cencerned with only 
f: . •: '· ·.~., . '~ ... 't 
.·' ,. 
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rectangular sections, in 1935 he published a study for a variety of shapes, 
including the I section.<19) In 1937 Chwalla published a study on the 
application of the CDC approach to continuous columns and columns which 
are integral parts of a structure.<28) 
Ojalvo<29) in 1960 adopted Chwalla's work to the U.S. wide-flange 
shapes and along with Fukumoto(JO) streamlined the method by presenting 
results in the form of nomographs. In recent years O jalvo • s work has 
greatly influenced the development of new applications for the method. 
Levi(Jl) used the CDC procedure to analyze multi-story frames, and 
Neal and Manse11<32> have applied the procedure to truss analysis. 
3.3 General Theory and Assumptions of the Column Deflection 
Curve Procedure. 
Since there has been extensive work on CDC's in recent years and 
since it is well documented, the basic theory will not be restated in 
this paper. 
The CDC is the shape that a column would take if it is held in a 
bent configuration by axial loads applied to the ends (Fig. 15). It is 
apparent that an infinite number of such curves are possible for a given 
cross section with a given axial thrust. Each of these can be identified 
by either the end slope (8) or mid-height deflection (V). Ojalvo has 
presented a procedure where a half wave length is considered with the 
integration performed from the end of the column to mid-height by assuming 
(29) . 
an end slope. An alternate procedure, which is used in this study, 
is to integrate from mid-height with an assumed deflection.<33) By 
..... _\: 
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developing the CDC's for various axial thrusts to find the mid-height 
deflections at equilibrium configurations, it is possible to obtain the 
complete load vso deflection curve for the column. A step-by-step 
procedure will be presented in the next section for the solution of 
initially deflected columns. 
The assumptions which were made for the development of the M-P--
relationships apply also to the CDC's, since one is used to develop the 
other. However, the assumption that Pis applied first and then the 
moment is not valid for initially deflected columns. Since deflection:: 
begins immediately upon application of load, M increases proportionately 
with P. Test results indicate that the neglecting of this fact does not 
introduce serious error and it may be that experimental inaccuracies 
compensate for the invalid assumption.(14) This problem also occurs with 
the development of CDC's for perfectly straight columns because the 
proportionality between axial load a.nd moment exists a.ft.er bifurcation. 
However, theoretical studies neglecting this invalid assumption give 
reasonable results and it will, therefore, be neglected in this 
d (26,29,30) Stu Y• 
The following assumptions are also required: 
1. Deformations are ass•uned small such that the tangent 
and sine functions of the angle between the tangent to 
the deflected column curve and the original direction 
of the column may be taken as equal to the angle in 
radians. ?he cosine of this angle may be taken as 
-14-
,1 
unity. Lay(26) has shown that this assumption is not valid 
for the follot1ing values of axial thrust: 
P < 0.12Py £or Cf y= 36 ksi 
P ( 0.15Py for CT y= 50 ksi 
P ( 0.22Py for 0-y=lOO ksi 
The above limitations are independent of the cross 
sectional configuration. 
2. Shortening of the column due to lateral deflection 
is assumed small and is neglected. 
3. The loads and restraints are applied only at the 
ends of the column. 
4. The ends of the column are completely restrained 
from translating. , 
5. The shape of the centerline of the column, both 
initially deflected and after loading, is 
approximated by a single sine term. 
3.4 Development of Colwnn Deflection Curves Using 
Numerical Integration Procedure. 
While the numerical integration procedure used in this 
investigation was originally proposed by von Karman,(16) it was the 
work of Chwalla(27) which made the method practical for a computer 
type solution. 
3.4.1 Development of Reguired Relationships. 
(A) Curvature of I.nitially Deflected Columns - Since the 
column is in an initially deflected configuration, [. 
-15-
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(B) 
additional deflections will begin immediately upon application 
of load G This is in contICas t to the perfectly straight column 
subjected to pure axial thrust which will not bifurcate until 
(34,35) the Shanley tangent modulus load is reached. 
To facilitate a solution, it is necessary to have a 
general express ion for the curvature along the unloaded 
deflected column. 
Referring to Fig. 16, the initially deflected shape 
is ass•JJned to be approximated by: 
-16-
•••••••••••••••••••••••••••••• (3.1) 
v1 = Initial horizontal deflection at 
mid-height of column. 
L = Length of column. 
Z • Distance from end of column. 
V = Deflection at a point of "Z'' 
distance from end of coltJmn. 
By differentiating twice, the following expression for 
curvature is obtained: 
V" = tA = v1 rr
2sin:rrz (3 2) ~ Ill •••••••••••••••••••••••••••••• e i.7: L 
In references 7 and 36, it bas been shown to be sufficiently 
accurate to assume a single sine term to represent the deflected 
shape for.,.j'computing ultimate column strength. 
Geometry of Deflected Column - It is necessary to determine 
certain geometrical relationships of the deflected column 
l 
' 
' 
·' 
'r; 
in order to apply the numerical integration procedure. 
Consider the half wave length of a deflected coluJDD 
shown in Fig. 17. This length is divided into an arbitrary 
number of segments 'fl'f2'f 3, ... fJ) in the vertical 
direction. The arc length within each of these segments 
is assumed to have a constant curvature (-1, ~2 , e3,••··-j) 
which defines the angles (SV1 , Jl,2 , ~3 , ••• ,j) required to 
determine the horizontal distance (v;,) between the end 
points of the arc length. 
Figure 18 showing a typical segment, defines this 
horizontal distance as: 
-17-
V£. - A+ B •••••••••••••••••••••••••••••• (3.3) 
From the geometry, it caa be seen that: 
A= cos~ •••••••••••••••••••••••••••••• (3.4) 
•••••••••••••••••••••••••••••• (3.5) 
Froa Fig. 18, and using Pythagoras' theorem: 
I 
'I(=¢,- -L . . 
<-
I- /-;:; z <p/ (3.6) 
the term under the radical cQn be expanded in series form 
by using the binomial theorem to obtain: 
., ,· 
' ,·' '.1· -,. 
. . ,, 
\ 
I 
-
I - fl 2 (Re ;; = I - j/l 2 ~ z -18-
neglecting higher order terms. 
And, Eq. 3.6 becoaea: 
I I i z .z . 
-
l ,: ' C. c? (3.7) 
Therefore, Eq. 3.4 becomes: 
2 
(3.8) 
since cos fb 1 • 1 for amal 1 angles. 
Considering Eq. 3.5, the angle (f'i) is equal to the 
ao11JPM1tion of the product of the segment length and the 
(-) angle up to, but not including, the segment under 
consideration. This can be expressed as: 
• t -I 
~·=L/?rA 
0 
Therefore, Eq. 3.5 becomes: 
' 
,-1 
= /? It~ 
(J.9) 
(3.10) 
since tan ~i • ~i for small angles. 
Piaally, from Eq. 3.3 
(3.11) 
. .~; . 
··i .. 
! 
i 
! 
,I 
•\ 
I 
C 
; 
._(a) Interpolation of M-P-9 Curves - In thia study, it is neceasary 
to have the coordinates of the M-P-- curve in the computer 
memory to determine 0/"1 for a given value of M/'t!lyo Since it 
is difficult to store the complete c@~ve i~ mamo~y~ it is 
' 
" 
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approximated by a ~eries of s trcaight lil!les\ as shown in Fig. 19, 
connecting the key transition coordinates. 
In most cases, it is necessary to determine the curvature 
ratio corresponding to a calculated moment ratio lying between 
the key coordinates which necessitates the use of a straight 
line interpolation procedure. After locating the values of 
M/M.y and,,,,., which bound the given moment ratio, the followiag 
equation expressing this procedure is applied. 
where: 
<L> ('/,y )n 
<V (VJy)n+l 
(L) 
(MJ)a 
(!12. 
(My)n+l 
K 
-My 
(3 .12) 
• lower bound curvature ratio 
• upper boUDcl curvature ratio 
• lower bound momeat ratio 
• upper bound IDOlleDt ratio 
• given value of moment ratio 
• corresponding curvature ratio 
-20-
J.4.2 Outline of l1U11Brical Procedure. ("'/ 
The general procedure used in the computer solution of load-deflection 
curves is outlined below: 
(1) Assume a column with a given cross sectional configuration 
for which M-P-0 relationships are available (Fig. 16). 
(2) Assume values of axial thrust (P /Py) , column length (L) , 
and initial mid-height deflection (Vr). 
(3) Assume an additional mid-height deflection (VA) resulting 
from the application of P. The total mid-height deflection 
becomes: V=V1+VA• 
(4) Assume a segment of length f 1 beginning at mid-height of 
the column (Fig. 17). (Ojalvo has shown that the best 
results are obtained when r {J° ~ ¢r where "r'' 
is the radius of gyration about the axis of bending.) 
(5) Calculate the moment (M=PxV) acting on the column at 
mid-height. Non-dimensionalize by dividing by My to 
obtain M/My. 
(6) Enter the M-P-- curve with this value of M/My and 
determine the corresponding ,m/fy. The computer 
program uses the interpolation procedure explained 
ia Section 3.4.1. 
(7) Apply E •• 3.2 to determine the curvature (-I) at 
the bottom of the segment on the unloaded member. 
' ~. 
' 
The dimension (L) from Step #2 will be used as the length 
parameter in this equation. This mean~ that any solution 
other than one which duplicates this length within tolerance 
is invalidQ 
(8) The total curvature at the bottom of the segment oa the 
loaded member is: 
(9) The radius of curvature within the segment is assumed 
constant and equal to 1/-T (Fig. 18). Eq. 3.11 is 
used to determine the horizontal distance between the 
end points of the segment. 
(10) Work with additional segments until the summation of the 
calculated distances is equal to the assumed mid-height 
deflection (V). The moment is found at the bottom of 
the segment in all cases. As the deflections converge, 
amaller segments should be used in order that the two 
become equal within tolerance. 
(11) Determine the column length as: 
Le= 2 x (total length of segments) 
(12) If the calculated length (Le) does not equal the 
assumed length (L), try another value of VA and 
return to Step 5. This process is continued until 
I 
an equilibrium position of P, L, Vr, and VA is 
found which represents a point on the load-deflection 
curve. 
,, •, ·,, ,., 
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Ojalvo bas shown that two ••uilibrium configurations are possible for 
every condition of loading up to the ultimate load (Fig. 20). After the 
point on the branch of the curve for increasing axial thrust is found, 
it is possible to locate the second point on the branch for decreasing 
axial thrust by assuming larger additional deflections. This can be 
seen on a plot of L vs. V (Fig. 21) where for each value of L there are 
two values of v. 
The general procedure outlined above for beam-columns without 
initial out-of-straightness is presented in References 29 and 33. 
3.4.3 Computer Program· 
The procedure outlined in Section 3.4.2 has been programmed for 
the square box column on the GoEo 225 Computer. The flow chart for this 
program is in Appendix Band a sample output sheet is illustrated in 
Fig. 22. 
The nomenclature used is: 
B - Width of square box section (in.) 
T - Thickness of plates (in.) 
XI - Moment of inertia about centroidal axis (in.4) 
SIG - Static yield strength of material (KSI) 
E - Modulus of elasticity (KSl) 
R - Radius of gyration about centroidal axis (in.) 
A - Area of cross section (in.2) 
XK - Ratio of P/Py 
XL - Actual length of column (ill.) 
... 
10 - Length of segments orjz (in.) 
VO - Initial value of mid-height deflection 
due to application of load (in.) 
VI - Mid-height deflection on unloaded col,nn (in.) 
XINC - Value by which VO is incremented (in.) 
UP - Designates ehether the first or second 
point on the load=deflection curve is 
being det®~~ined (for first point 
UP=loO; for second point UP=O) 
VINT - Same as VI 
VO' - Incremented value of VO (in.) 
VVI - Calculated total mid-height deflection (in.) 
LENGTH - Calculated length of column (in.) 
Py - Yield load of column (KIPS) 
My - Yield moment of column (K-in.) 
As illustrated in Fig. 22, the results from each trial value of 
VO' are printed out. The program continues until it locates the mid-
height deflections which give lengths (LENGTH) bounding the desired 
length (XL). ! It is possible to assume smaller increments of VO and 
duplicate the desired length exactly, but accuracies within ±4.0 per 
cent were assumed acceptable since the resulting total deflection (VVI) 
• is relatively insensitive to small changes in VO. Also, for each trial 
J 
of VO the program stops the incrementation process and prints the 
calculated column length when the difference between the assumed 
' deflection (Vl+VO) and the actual deflection (VVI) is less than ±2.0 per 
cent. 
:ir{,' 
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3.5 Comparison of Experimental and Theoretical aesulta. 
3.5.l Previous Experimental Studx -
The results of a previous investigation on the strength of welded 
box columns were used to examine the accuracy of the theoretical 
procedure which is presented.(4 ,5) A comparison was made between 
experimental load-deflection curves and those derived theoretically. 
The study includes one 6" x 6" box column and three 10" x 10" box 
columns with the properties listed in Table 1. Two of the columns 
(C6 and ClO) had medium slenderness ratios (L/r) of 80 and the other 
two (C2 and Cl3) had low slenderness ratios of 32 and 30. The measured 
initial-out-of-straightness of the test columns is shown in Fig. 23 
with the variation being greater for the longer members. The static 
yield stresses as determined from tensile coupon tests are shown in 
table 1. 
The columns were tested in the weak direction for bending which 
is the axis where the distance to the weld is the smallest. However, 
there should be little difference in column strength for bending 
about either axis. 
An important feature of the testing procedure was the method of 
aligning columns C6 and ClO which had an initial out-of-straightness 
of approximately 1/4". After being geometrically centered in the 
testing machine, an alignment load which is considerably less than the 
-24-
proportional limit of the cross section was applied in increments. the 
end fixtures were then adjusted such that the distribution of strain at 
the four corners of the section were within five per cent of each other 
for each increment of load. Also, the lateral deflection was keep 
negligible up to the alignment lo~d by balancing the eccentricity due 
to initial out-of-straightness bettJeen the ends and mid~height of the 
colucm. there were no special adjustments for columns C2 and Cl3 
because of relatively small initial variations. 
The alignment procedure indicates that an exact comparison between 
the experimental and theoretical results cannot be made for Columns C6 
and ClO because the actual column behavior is somewhere between one 
which is perfectly straight and one which has initial out-of-straightness. 
However, keeping this in mind, some useful approximate comparisons can 
still be obtained. 
3.5.2 Comparison of Results -
A comparison of the results from the experimental and theoretical 
studies is shown on Table 2. Each column will be discussed below. 
1. Column "C6" - The load deflection curves are shown in 
Fig. 24. The experimental curve is similar to that of a 
perfectly straight centrally loaded coltmTI{filrjl with negligible 
lateral deflection for the early portion of the loading 
history. The theoretical column begins to deflect 
ivnediately when load is applied. 
-25-
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Ia comparing the ultimate strengths of the two curves,. the 
theoretical procedure gives a valu® which is 5o3 pe~ cent higher 
than that determined exp@rimantallyo This can best be explained 
by refer~ing to Fig. 23 showing the assumed and actual column 
out-of-straightness. The theoretical method approximates the 
initial coltJDUl configuration as a sine function using the 
mid-height deflectiorA as the RU.ltimum cool'dinate., In this 
case, the maximum variation occu~s at a point four and one-
half feet below where the variation is 0.33" compared to 
the mid-height value of 0.24". Therefore, the assumed 
configuration is less severe than the actual condition 
and a higher ultimate strength resultso Also, the residual 
stress pattern of the test column is not symmetrical as 
has been assumed ~hich, in effect, causes additional 
eccentricity in the column. This would also account for 
the higher prediction of ultimate strength.(5) 
Another interesting observation is that the deflections 
at the point of ultimate strength for each curve are nearly 
equal with the theoretical result slightly gre~ter than the 
experimental valueo Tb.@ theoretical load-deflection curve 
developed in Refer~nce 37 for column C6 is also shown in 
Fig. 24. It should be noted that the assumed residual 
stress pattern is different from that used for this study. 
·,,.,. '' 
I 
i 
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2. Col•no "ClO" - The load-deflection curves are shown in Fig. 25. 
The results are very similar to those of Column "C6" and the 
same reasoning can be used to explain the results. The ultimate 
strength given by the theoretical procedure is 3.0 per cent 
higher than the experimental value. Figure 23 shows the actual 
and assumed colomn out-of-straightness to be relatively similar 
which may explain the relatively good agreement in ultimate 
strengths. The deflections at the points of ultimate strength 
for the two curves are again fairly closee The theo~etical 
curve developed for.Column ClO in Reference 5 is also shown 
in Fig. 25. 
3. Column "Cl3" - The load-deflection cur~s are shown in 
Fig. 26 aith the correlation not as good as for the columns 
considered previously. The point of ultimate strength on 
the theoretical curve occurs at a much smaller deflection 
than the experimental curve which is contrary to what would 
be expected. It seems evident that strain reversal cannot 
be neglected in columns with low slenderness ratios as has 
been assumed. This is true because short columns can 
support larger leads than long slender columns, and, 
therefore, form larger areas of pl~stific~tion which 
can reverse in strain as lateral deflection occurs • 
As before, there is good agreement in ultimate 
strengths with the theoretical result higher than the 
experimental value by 3.0 per cent. Again, the 
.J 
/ 
possible unsymmetrical residual stress pattern may account 
for this. 
4. Columu "C2" - The load deflection curves are shown in 
Fig. 26 and the correlation is similar to column Cl3 
with the theoretical ultimate strength p~ediction high 
by 2.7 per cent. Here again, neglecting strain reversal 
and the presence of unsym:matrical residual stresses are 
probably the main reasons for this result. Also, for the 
6" box section, it was shown in Sect. 2 .3 that the assumed 
residual stress pattern does not accurately duplicate the 
actual measured pattern which would affect the prediction 
of column strength. 
The assumed out-of-straightness very nearly duplicates 
the actual column configuration and can probably be discounted 
as a reason for the discrepancy in the curves. 
-28• 
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IV. SUMMARY AND CONCLUSIONS 
The purpose of this investigation was to develop a theoretical 
procedure for predicting the load-deflection history of initially 
deflected welded box columns. This is actually a beam-column problem 
where the member is subjected to significant amounts of both bending 
and compressive forces; therefore, a direct application of classical 
column theory cannot be made. The method of solution has been to 
develop Moment - Axial Thrust - Curvature relationships for the 
section and to apply a modified form of the column deflection curve 
procedure. The assumptions which are required for the solution seem 
to be justified by the accuracy which has been obtained. In the cases 
where the assumptions are obviously poor, the results indicate the 
expected trends. 
The following conclusions can be made from a comparison of 
theoretical and experimental results: 
1. The Moment - Axial Thrust - Curvature relationships were 
obtained which are applicable to any square box shape fabricated from 
plates of equal thickness for which all assumptions are valid. 
(Sect. 2.4, Fig. 9) 
2. The presence of the residual stress distribution assomed 
for this study favorably increases moment capacity, and, hence, 
column strength for higher values of curvature. (Sect. 2.4, Fig. 12) 
3. The theoretical procedure for the determination of the load-
deflection relationships gives very good estimates of the ultimate 
-29-
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strength for col,mos of both low and medium slenderness ratios. However, 
. 
the prediction of the complete load-deflection history for colurnos of low 
slenderness ratio is not as good as for members of medium slenderness 
ratios. (Sect. 3.5.2, Figs. 24, 25 and 26). 
4. The assumption that strain reversal is insignificant and can 
be neglected for columns of low slenderness ratios is not valid and 
along ~11th unsymmetrical residual $tresses in the test columns probably 
accounts for the poor prediction of load-deflection history. (Sect. 3.5.2, 
Figs. 24, 25 and 26) 
5. lnaccurac ies in the assumed residual stress pattern, as compared 
to the actual pattern, do not have a noticable effect on the prediction 
of ultimate column strength. However, it is probably in some part 
responsible for the poor correlation between the theoretical and 
experimental load-deflection relationships. (Sect. 2.3, Fig. 6) 
6. The determination of the theoretical column strength is very 
much influenced by initial out-of-straightness as has been shown by 
experimental studieso (Sect. 3.4, Fig. 23) 
7. A computer oriented numerical solution is we 11 aui ted for 
the development of M-P-0 and CDC relationships with an accuracy 
well within acceptable limits. 
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VI. NOMENCLATURE AND DEFINITIONS 
NOMENCLAl'UU 
A Cross-section area of column 
b Width of box-section 
E Young's modulus 
I Moment of inertia 
K Axial st~ain factor 
L Assumed length of column 
Le Calculated length of column 
L/r Slenderness ratio 
M Bending moment 
My Yield moment of ~olumn 
M/'My Non-dimensionalized moment ratio 
P Axial thrust 
Py Yield load of column 
P/Py Non-dimensionalized axial thrust ratio 
r Radius of gyration in the plane of bending 
t Plate thickness 
v, Horizontal distance between end points of a segment _5,0J 
V Deflection at a point along the column 
VA Deflection of column due to application of load 
Vz Initial horizontal deflection at mid-height of column 
EI Strain on outside fiber of cross-section 
E2 Strain on inside fiber of cross-section 
·, ,. .. 
,1 ('·: 
,, . 
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DEFINITIONS 
Buckling: 
Strain corresponding to yield point 
End slope of column 
Column segments assumed for numerical integration procedure 
Incremental stress on cross-section 
Static yield stress level 
Curvature at mid~height of column 
Curvature of column due to applied load 
Initial curvature of column 
Total curvature of column ~egment 
Curvature corresponding to yield point 
Non-dimensionalized curvature ratio 
Angles required for determination of horizontal 
deflection of column at mid-height 
Buckling is the process for any structure or part 
of a structure to pass from one deflection pattern 
into another without a change in load; bifurcation. 
/7 
Proportional Limit: The p~oportion~l limit ia the load corresponding 
to the strain above which the stress is no longer 
proportional to strain. 
Static Yield 
Stress Level: 
Ultimate Load: 
Yield Strength: 
The static yield stress level is the yield stress 
level for zero strain rate. 
The ultimate load is the largest load a structure 
will support; critical load. 
The yield strength is the stress corresponding to 
the load which produces in a material, under the 
specified conditions of the test, a specified 
limiting strain. (ASTM Standard A 370-61T, 1961). 
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VII. APPENDIX 
A. Moment - Axial Thrust - Curvature Relationshies 
I:, 
-z 
6 
T 
X 
1. Coordinates of Strain Diagram 
The equations for the three strain conditions on the 
cross section are given in this section. 
(a) Residual Strain 
' . ~ 0~ X1 ( 7 
o<Xc<f 
(b) Axial Strain 
X h 
rk§, O~X(b 
(e) Bending Strains 
6 
-2 
o,x (f 
b 1-~x,b 
-z 
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N == Number of Slices 
t -= b = Increment 
-N 
Y=[fy-f(S, + (r) XJ 
Y=f §, ""f(ty +ty) ~] 
., 
K • Axial Strain Factor 
€ y = Yield Strain of 
Material 
Y=-K§, 
.. 
Y= - ¢(-f-x) 
Y= ¢x 
,,. 
'X, 
2. Equations for Axial Load and Moment 
, 
The equations for determining the axial thrust and moment 
acting on the cross section are given in this section. 
(a) Vertical Plates 
- . 
----'-------·- -- --
-2t b 
z 
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The section is subdivided into slices as shown in Fig. 8. 
P0 = Axial load coordinate at center of slice 
Pn • Total axial load on slice for one vertical plate 
Mn= Contributing moment on slice for one vertical plate 
. Po= £x(/[y-f(€y +{_y)X:-Kcy- ~(f- ~J} 
/?= f;'xLJ><t 
~ ,;Yf-x/f-xJ 
Po =£x(f €y rf(€jr€y)Xz}-!<€y r </JXz} 
fl= PoY.fj xt 
112 ; !; >< ><'2 
~ 
! . .. 
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The above equations are applied to each slice to 
determine axial thrust er P> and moment crM> on a 
vertical plate. ~ 
(b) Top Plate 
--~y 
Due to symmetry and 
the fact that all 
slices are of equal 
distance from the 
centroid of the 
section, only half 
of the plate need be 
considered. 
\ 
\: 
\ 
t 
·~, \ 
---) 
Po =(/9-f (tjt-(J) Y-K§,-¢(bz-Cf xlj 
lj=!; ><L'.'.1 xt 
H.3 = !])(f >t(b-t) 
These equations are applied to each slice to 
determine the axial thrust (2xZ-(j ) and moment 
(2xZ-~) of the entire plate. 
' l' 
r 
/. ) 
(I 
jl 
!i 
ti 
!', . I 
····" :\· . . . ( 
(c) Bottom Plate 
K§1=1 I 
¢(6;r)1=1 + 
l. 
6 \\ O~Y~z 
Again, only half of 
the plate will be 
considered. 
Po= £x(l f:y-f {t_y-1-€j,) Y-K~'I + ¢(62-t-)/; 
?, = ?ox~ xi 
f1t. = -fl ><j- x (b-C) 
These equations are applied to each slice to determine 
the axial thrust (2x L fJ- ) and moment (2x T Ht/-) of the 
entire plateo 
Therefore, the total axial thrust and moment of the 
entire cross section can be expressed as: 
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3. FLOW DIAGRAM FOR M-P-0 COMPUTER PROGRAM 
' 
I 
l 
. i 
.. 
Read 
b,t,K,A,C,N, 
E,KKK~cry 
~ CJ 0 
Select a Slice 
Compute Resultant 
Strain Coordinate(Y) 
Find Average Stress 
From o-
€ Curve ( o) 
--------c ·or 0 
-or 0 a 
Determine P and M 
Have all slices 
been considered? 
Print Reaults 
Another value of ~ ? 
. . 
0 • 0 
.. 
-· 
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Notation 
b • Section Width 
t • Plate Thickness 
• 
• 
k • Axial Strain Increment 
A• Maximum Tensile 
Residual Stress 
C • Maximum Compressive 
Residual Stress 
~ • Curvature 
KKK· Curvature Increment 
Y • Resultant Strain 
.coordinate 
N - Number of Slice• 
E • Modulus of Elasticity 
0 y • Static Yield Strength 
P • Axial Thrua t 
M • Moment 
• 
... 
• 
' 
• 
• 
.. 
y• 
• 
l,T 
-
• 
. ' 
; 
. 
i 
·' 
l 
1 j 
; 
r 
·' 
J . 
! 
1 
l ,. 
,j 
1 
·; 
., 
'· 
-
' 
r. 
r. 
... I 
B. FLOW CHART FOR "CDC" PROGRAM 
. ., 
··. .r ,: 
• ... 
VA • VA± INC 
,; 
v.= 
l. 
+ or 0 
Read Data 
p /Py D L »VI p VA 
Assume Segment p 
Determine Moment (M) 
at Bottom of 
Slice 
De te1nnine "t-'1/My 
Determine f/JM./ 1/Jy 
From M-P-~ Curve 
Determine ~I 
~T • ~I+~ 
2 P. rJ/J 
l 
.39. 
' Notation 
I 
L • Actual Column Length 
VI• Initial Mid 0 Height Deflection 
VA• Additional Deflection 
Due ~o Load 
V'• Total Mid-Height 
Deflection 
~•Curvature Due 
to Moment 
11 • Initial Curvature 
•• 
vi• Horizontal.Deflection 
Between Enda of Segment 
Le •_Calculated Length of CDC 
·.•.·· 
.. 
;,,, 
... 
Print Results 
• 
• • 
' ' • ',' •.. ' f ~ ,1~ \.,(,} ;-~ ,; ;.~\· .... 
'' 
VIII-. ?ABLES AND FIGURES 
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Table 1 Column Properties 
Column Shape 1 L/r e/b \Ty ! . I 
C6 1011 X 10" X 1/2" I 80 0.024 37.2 
ClO 10" X 10" X 1/2" 80 0.020 36.3 
C2 6" X 6" X 1/4" 32 0.002 50.8 
Cl3 10" X 10" X 1/2" JO 0.004 36.9 
I 
vy = Static Yield Stress (ksi) 
e = Mid-height Column Deflection 
Table 2 Results of Comparative Study 
--· 
(P/Py) Ultimate Difference Deflection at Ultimate Load 
.. 
·- % - ·a . 
-,,..;.Go,1£" ___________ 
Experim~ntal Theoretical Experimental Theo11etical 
~---~ ... .......--.-s-~·,·~,""'"--.,._......_ ··.--· --~- -·---.. -·----...,...-...,~---
-
0.627 0.660 +5.3 1.52" le65" 
0.652 0.672 +3.0 1.20'' 1.50" 
0.932 0.960 +3.0 0.30" 0.10" 
0.945 0.970 +2. 7 0.2011 0.08" 
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